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In quantum systems, a subspace spanned by degenerate eigenvectors of the Hamiltonian may have
higher symmetries than those of the Hamiltonian itself. When this enhanced-symmetry group can be
generated from local operators, we call it a quasi-symmetry group. When the group is a Lie group,
an external field coupled to certain generators of the quasi-symmetry group lifts the degeneracy,
and results in exactly periodic dynamics within the degenerate subspace, namely the many-body-
scar dynamics (given that Hamiltonian is non-integrable). We provide two related schemes for
constructing one-dimensional spin models having on-demand quasi-symmetry groups, with exact
periodic evolution of a pre-chosen product or matrix-product state under certain external fields.
I. INTRODUCTION
Symmetry plays a central role in physics. Given a
quantum system described by Hamiltonian operator Hˆ,
a symmetry g, restricted to be unitary in this work, is
represented by a unitary operator gˆ such that
[Hˆ, gˆ] = 0. (1)
[We use hatted letters to represent Hilbert-space opera-
tors, and unhatted ones for group elements (lower case)
and groups (capital).] If multiple g’s form a group G,
Eq.(1) leads to the fundamental theorem that each eigen-
subspace ΨE is invariant under gˆ for g ∈ G, or one can
casually say that ΨE at least has symmetry group G. In
other words, generally, ΨE has higher symmetry than G.
As an example, consider two 1/2-spins coupled by a
Heisenberg interaction, Hˆ = Sˆ1 · Sˆ2. The full symme-
try group of the triplet eigen-subspace is U(3), of which
the Hamiltonian symmetry group SO(3) is a subgroup.
However, not all symmetries in U(3) are physically inter-
esting, because many of them involve creating (annihi-
lating) entanglement between the spins, and as such are
difficult to realize in experiments. Therefore, hereafter
we restrict to more physically relevant cases, an opera-
tor ˆ˜g that preserves an eigen-subspace of Hˆ is considered
as a “symmetry”, if and only if ˆ˜g is a direct product of
unitary operators on individual spins, that is,
ˆ˜g = uˆ1 ⊗ uˆ2 ⊗ ...⊗ uˆN , (2)
known as the onsite-unitary condition. This require-
ment restricts the symmetry group G to a group of
onsite-unitary operators, that is, neither spatial nor time-
reversal symmetry is considered, unless otherwise spec-
ified. In the above two-spin example, a unitary opera-
tion sending |↑↑〉 to (|↑↓〉 + |↓↑〉)/√2 leaves the triplet
eigen-subspace invariant, but cannot decompose as in
Eq.(2). In fact, it can be checked that all the symme-
tries of the triplet eigen-subspace meeting the onsite-
unitary condition Eq.(2) are just the overall rotations
SO(3). The triplet eigen-subspace has hence the same
symmetry group as Hˆ itself.
The above discussion motivates us to define a new type
of symmetry operation, which we tentatively term quasi-
symmetry, as a unitary operator ˆ˜g satisfying Eq.(2), so
that a given eigen-subspace of Hˆ having energy E is in-
variant under ˆ˜g. It is obvious that g˜’s as such form a new
group, denoted by G˜E . We call G˜E the quasi-symmetry
group of Hˆ with respect to the eigen-subspace ΨE with
eigenvalue E. If ˆ˜g commutes with Hˆ, then g˜ is a quasi-
symmetry for any eigen-subspace of Hˆ, so the symmetry
group is always a subgroup of any quasi-symmetry group
for a given Hamiltonian: G ⊂ G˜E .
Before showing an explicit example of quasi-symmetry
in quantum models, we point out that its classical coun-
terpart, known as non-symmetry-caused degeneracy, is
well-known in models for frustrated magnetism. Con-
sider a classical J1-J2-model on a square lattice, where
Heisenberg J1 couplings connect nearest spins, and J2
next-nearest-neighbor spins of length s. This Hamilto-
nian is invariant under any overall SO(3) rotation, but
is not invariant under relative rotations between the two
sublattices. Nevertheless, consider a state where all spins
in each sublattice are antiferromagnetically aligned, then
it is easy to check that the energy, being −2J2s2 per spin,
is independent of the relative angle between the two sub-
lattices. Therefore, a relative rotation between the sub-
lattices, not being a symmetry of H, does lead to classical
degeneracy. Can we obtain a quasi-symmetry model by
quantizing the above J1-J2-model? The answer is nega-
tive: when quantum fluctuation is turned on, the above
classical degeneracy is lifted due to the famous order-by-
disorder mechanism1.
We do not know a deterministic way for diagnosing
all possible quasi-symmetries in a given Hamiltonian,
quantum or classical. Yet fortunately, recent progress
in the study on quantum-many-body scars2–9 provides
with many examples of quasi-symmetry in quantum mod-
els. In certain non-integrable quantum many-body sys-
tems, there exist some close trajectories in the Hilbert
space, along which a special short-range-entangled state
evolves periodically or quasi-periodically, independent of
the size of the system10–16. The evolution of certain
many-body states along these closed trajectories, as op-
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2posed to the chaotic trajectories for generic states, is
called the quantum-many-body scar dynamics, or sim-
ply scar dynamics. All the states along one such tra-
jectory span a Hilbert subspace invariant under the
Hamiltonian evolution, and the eigenstates of Hˆ within
this subspace form a tower of states, namely the scar
tower17–19. The scar dynamics is related to the viola-
tion of the eigenstate-thermalization hypothesis20–24 in
certain eigenstates from the scar tower. In previously
studied cases25–31, a typical scar Hamiltonian consists in
two parts
Hˆscar = Hˆ + Hˆ1, (3)
where Hˆ has a degenerate eigen-subspace of energy E:
ΨE = {ψ|Hˆψi = Eψ} and Hˆ1 (i) preserves the subspace
ΨE but (ii) lifts the degeneracy, breaking energy spec-
trum into a “tower” with equal spacing δE. It then be-
comes obvious that a random initial state in ΨE oscillates
with a period 2piδE−1. If a scar Hamiltonian in Eq.(3)
satisfies (i) Hˆ1 is a sum of local operators and (ii) there
is at least one product state ψ0 ∈ ΨE , then the quantum
Hamiltonian Hˆ has at least G˜ = U(1) quasi-symmetry,
Uˆ(θ) ≡ exp(iHˆ1θ), with respect to the E-subspace of Hˆ.
In other words, under the above conditions, quantum-
many-body-scar dynamics is a sufficient condition for the
existence of quasi-symmetry.
Does quasi-symmetry also imply scar dynamics? Sup-
pose there is a quasi-symmetry group G˜E 6= G for some
Hˆ with respect to ΨE . If G˜E is a compact Lie group,
then thanks to the onsite-unitary condition Eq.(2), we
have that any generator
Xˆ = xˆ1 ⊕ xˆ2 ⊕ · · · ⊕ xˆN (4)
is a sum of local operators xˆi’s, each of which is a hermi-
tian operator acting on the i-th spin. Choose Hˆ1 = cXˆ
for the scar Hamiltonian in Eq.(3), where c is a real con-
stant. For any state ψ(t = 0) ∈ ΨE as initial state, we
have
Hˆψ(t) = Hˆ exp[−i(Hˆ + Hˆ1)t]ψ(t = 0) = Eψ(t), (5)
meaning that ΨE is preserved by the scar Hamiltonian
Hˆscar. Further, if X generates a U(1) subgroup of G˜,
then the spectrum of Xˆ has equal spacing ∆, and the
evolution of any ψ ∈ ΨE has exact period 2pi(c∆)−1.
Therefore, quasi-symmetry Lie group in Hˆ indeed im-
plies scar dynamics, given that G˜E 6= G. When G˜E is a
discrete group, there is not an obvious choice for a scar
Hamiltonian. In that case, there is a discrete version of
scar dynamics, to be discussed in Appendix A .
In this work, we focus on constructing spin Hamiltoni-
ans Hˆ that have a quasi-symmetry group G˜ of choice. In
the main text, we assume that the quasi-symmetry group
be a compact Lie group. Our construction scheme uses
three elements as input: a spin-s spin chain defining the
Hilbert space, s = 1/2, 1, 3/2, . . . , a compact Lie-group
G˜ ∼= V ⊂ U(2s + 1) of choice, and an “anchor state”,
denoted by ψ0, which is either a product or a matrix-
product state32. For simplicity, we in this work only use
two anchor states as examples: an all-up ferromagnetic
state and an Affleck-Kennedy-Lieb-Tasaki-like33 matrix-
product state. The constructed Hamiltonian Hˆ is ex-
pressed in terms of projectors acting on small clusters,
the same as in Ref.34, but the method for defining the
small-cluster projectors are based on two inputs: the an-
chor state and the quasi-symmetry group.
II. PRODUCT STATES AS ANCHOR STATES
We first describe the construction of spin-s Hamiltoni-
ans with a chosen G˜ using the all-up state ψ0 = |s . . . s〉
as the anchor state. To start with, we consider a cluster
of m spins, or simply, an m-cluster. The unitary opera-
tors on a single spin form the unitary group U(2s + 1),
and we assume that G˜ ∼= V ⊂ U(2s + 1). Define Ψm as
the following subspace in the m-cluster space
Ψm = {vˆ⊗mψ0|vˆ ∈ V }, (6)
and define Pˆ as the projector onto Ψm. Then we consider
the following m-cluster Hamiltonian
Hˆ = (1− Pˆ )hˆ(1− Pˆ ), (7)
where hˆ is an arbitrary hermitian matrix acting on the
m-cluster. It is easy to see that Ψm is the zero energy
subspace of Hˆ for a randomly chosen hˆ.
Now, consider an infinite chain. For each m-cluster
of consecutive spins we define a term as in Eq.(7), and
obtain the full Hamiltonian
Hˆ =
∑
j=1,...,N
(1− Pˆ[j,j+m−1])hˆ[j,j+m−1](1− Pˆ[j,j+m−1]),
(8)
where Pˆ[j,j+m−1] is the m-cluster projector in Eq.(7) over
the j, j+1, . . . , j+m−1 spins, and hˆ[j,j+m−1] is a random
hermitian operator on the same cluster. The summation
in Eq.(8) is from j = 1 to j = N −m+ 1 if the chain is
open, and to j = N if closed. Periodic cycling is under-
stood for a closed chain: when j + l > N , replace j + l
with j + l − N . Two observations can be made: (i) the
all-up state ψ0 is a zero-energy eigenstate of Hˆ, because
(1 − Pˆ[j,j+m−1])ψ0 = 0 for each j, and (ii) states of the
following form
vψ0 ≡ vˆ⊗Nψ0, (9)
are also zero-energy eigenstate of Hˆ for the same reason.
All vψ0’s in Eq.(9) and their linear combinations form a
subspace Ψ˜0. It is clear that Ψ˜0 ⊂ Ψ0, the zero energy
subspace of Hˆ. The Hamiltonian Hˆ hence has quasi-
symmetry group G˜ ∼= V where
ˆ˜g = vˆ(g˜)⊗N (10)
3with respect to Ψ˜0 ⊂ Ψ0, and v(g˜) is an isomorphism
from G˜ to V .
To better illustrate the scheme, we look at one example
where s = 1, m = 2 and V = SO(3) ⊂ U(3). For the
2-cluster, namely the j-th spin and the (j + 1)-th spin,
the total spin S = 0, 1, 2, and the all-up state ψ0 = |++〉
belongs to S = 2-subspace. Therefore acting vˆ⊗ vˆ where
v ∈ SO(3) on ψ0 yields the entire S = 2-subspace, which
is Ψ2. The 2-cluster projector onto Ψ2 is
Pˆ[j,j+1] = (Sˆj + Sˆj+1)
2[(Sˆj + Sˆj+1)
2 − 2]/24. (11)
Substituting Pˆ[j,j+1] and a random choice for hˆ[j,j+1] into
Eq.(8), we have the full Hamiltonian. An exact diagonal-
ization of this Hamiltonian (with periodic boundary) is
carried out for 2 ≤ N ≤ 10. We plot the level statis-
tics in Appendix B, which fits the Wigner-Dyson curve,
indicating non-integrability of the Hamiltonian. The di-
agonalization also shows that there are exactly 2N+1 in-
dependent states in Ψ0, which are nothing but the states
in the largest total spin sector (total spin being N), and
that Ψ˜0 = Ψ0.
We can also choose V = SU(2) ⊂ U(3), and the same
ψ0 as the anchor state. In Appendix C, we show that the
resultant Ψ˜0 (which again equals Ψ0) is exactly spanned
by, up to an onsite-unitary transform, the type-I scar
tower of the spin-1-XY model in Ref.25, although the
Hamiltonian, due to the randomness in hˆ[j,j+1], can be
drastically different from that of the XY-model. (There
are two scar towers discovered in Ref.25, and we denote
them, after their sequential appearances in the original
paper, as “type-I” and “type-II”. Also see Ref.27 for more
on the type-II case.)
This simple example of SO(3) quasi-symmetry group
illustrates some general features of quasi-symmetry
groups. First, G˜ ∼= V is a subgroup of U(2s + 1), so that
by choosing a large s one can specify any compact Lie
group, such as SO(n), U(n), Sp(n), and exceptional Lie
groups, as the quasi-symmetry group. We note here that
the actual form of the “sandwiched” part of the Hamil-
tonian in Eq.(8), hˆi, is almost completely irrelevant, as
long as it does not have so many symmetries so that the
Hamiltonian becomes integrable. Last, we want to em-
phasize that, despite the randomness in hˆ[j,j+m−1], it is
not guaranteed that Ψ˜0 = Ψ0. This indicates that the
zero-energy subspace of Hˆ, despite being designed to be
so, is not generated by acting G˜ on ψ0. This equality
between the two can only be established, or disproved,
in numerics up to some N , as we do in Appendices B-E
and G.
III. MATRIX-PRODUCT STATES AS ANCHOR
STATES
Matrix-product states may also be used as anchor
states, following a slightly more complicated scheme.
Again considering a group G˜ ∼= V ⊂ U(2s+ 1), we first
obtain two linear or projective representations of V of
equal dimension d, D1,2(V ), such that D1 ⊗ D2 con-
tains a representation of dimension 2s + 1, denoted by
D0. In other words, there exists a trio of representa-
tions D0,1,2(V ) of dimensions 2s+ 1, d and d, such that
the Clebsch-Gordon coefficients 〈D1, α;D2, β|D0, k〉 6= 0,
where α, β = 1, . . . , d and k = 1, . . . , 2s+ 1. When these
conditions are met, define matrices
Akαβ ≡ 〈D1, α;D2, β|D0, k〉. (12)
These matrices define our anchor state(s), which is
ψ0 = Tr(A
s1 . . . AsN )|s1, . . . , sN 〉, (13)
ψαβ = (A
s1 . . . AsN )αβ |s1, . . . , sN 〉
for a closed and an open chain, respectively.
Consider an m-cluster, on which the matrices Eq.(12)
define d2 open-matrix-product states
ψαβ = (A
s1 . . . Asm)αβ |s1, . . . , sm〉, (14)
where α, β = 1, . . . , d. Acting vˆ⊗m for any v ∈ V on these
d2 states yields another set of d2 open-matrix-product
states:
〈s1 . . . sm|vψαβ〉 ≡ Ds1s
′
1
0 (v) . . . D
sNs
′
N
0 [A
s′1 . . . As
′
m ]αβ ,
= [As1DT2 (v)D1(v)A
s2DT2 (v)D1(v) . . . A
sm ]αβ
Find the subspace Ψm spanned by all vψαβ for v ∈ V
and α, β = 1, . . . , d, and define Pˆ as the projector onto
to Ψm.
For a closed chain of N ≥ m sites, define the Hamil-
tonian as in Eq.(8). It is easy to verify that the anchor
state ψ0 is a zero eigenstate of Hˆ because it is a zero
eigenstate of each term; and also the state vψ0 ≡ vˆ⊗Nψ0
is a zero eigenstate for the same reason for v ∈ V . The
subspace spanned by these states Ψ˜0 ≡ {vψ0|v ∈ V } is
a zero-energy subspace of Hˆ, i.e., Ψ˜0 ⊂ Ψ0. Therefore,
we have constructed Hˆ that has quasi-symmetry group
G˜ ∼= V with respect to Ψ˜0, and ˆ˜g ≡ vˆ(g˜)⊗N where v(g˜)
is an isomorphism from G˜ to V . The case of open chains
can be similarly worked out (not shown here).
Using matrix-product states as anchor states is par-
ticularly useful, since they can represent symmetry-
protected topological states35–37 (SPT). Consider a uni-
tary or anti-unitary group, W , acting on single spins,
such that [wˆ, vˆ] = 0 for w ∈ W and v ∈ V ∼= G˜. We
further assume that the anchor state ψ0 is invariant un-
der wˆ⊗N . Since ψ0 is short-range-entangled, it is either a
trivial or nontrivial SPT, protected by W . Then we ob-
serve that ˆ˜gψ0 is the same SPT protected by W , because
(i) ˆ˜gψ0 is invariant under W , and (ii) g˜ is onsite-unitary.
We again use an example to illustrate the above con-
struction scheme. Choose V = U(1) ∈ U(3) as our
quasi-group, and we choose D1 = D2 =
1
2 ⊕ − 12 that
are the two-dimensional reducible projective represen-
tations of U(1). The specific realization of U(1) can
4be arbitrary, but in this example we choose it to be
the overall spin rotation about z-axis. D0 is chosen to
be the three-dimensional reducible vector representation
D0 = (x, y, z) = +1⊕ 0⊕−1. So the matrices are given
by the Clebsch-Gordon coefficients
A± =
√
1
6
(σ0 ± σz), A0 =
√
1
3
σx (15)
satisfying
exp(iSˆzθ)ijA
j = eiσzθ/2Ai(eiσzθ/2)T . (16)
Now we consider an m = 3-cluster. The four open 3-
cluster states, ψαβ , are none but the Affleck-Kennedy-
Lieb-Tasaki open 3-chain ground states, up to a unitary
transform exp(iSypi) on all odd sites.
After acting all elements of the U(1) quasi-symmetry
group on the four open 3-cluster states, we have a sub-
space Ψ3 spanned by 12 states, classified into groups la-
beled by two quantum numbers n± ≡ Sˆ1z ± Sˆ2z + S3z:
(n+, n−) = (0, 0) :
|+0−〉−|−0+〉√
2
, |+0−〉+|−0+〉+|000〉√
3
,
(±1,±1) : |±00〉+|00±〉√
2
,
(±1,∓1) : |0± 0〉,
(±2, 0) : | ± ±0〉, |0±±〉,
(±3,±1) : | ± ±±〉. (17)
Define Pˆ as the 3-cluster projector onto Ψ3. Replac-
ing Pˆ[j,j+2] with Pˆ in Eq.(8), we have the full Hamilto-
nian Hˆ with quasi-symmetry U(1), with respect to the
zero energy subspace Ψ˜0. Using numerical calculation
up to N = 10 sites in Appendix D, we find that level-
spacing statistics of Hˆ shows Wigner Dyson behavior.
We have also checked, up to N = 14, that the degen-
eracy of the zero subspace of Hˆ is N + 1 for periodic
chains and 4N for open chains, and that Ψ0 = Ψ˜0.
This means that the entire zero-energy subspace of Hˆ
can be obtained from acting the quasi-symmetry group
elements on the anchor state(s). It is interesting to no-
tice that, after an onsite-unitary transform, the resultant
zero-energy subspace becomes the space spanned by the
type-II-spin-1-XY scar25,27. We comment that since the
quasi-symmetry group is only U(1), instead of SU(2) or
higher Lie groups, we cannot find a local Qˆ such that
[Qˆ, Hˆ] = const ∗ Qˆ on the subspace, because the exis-
tence of such Qˆ would imply non-Abelian structure of the
quasi-symmetry group. We also remark that the Hamil-
tonian following our construction is “unfrustrated”, in
the sense that Ψ0 lies within the zero-energy subspace of
each term in Hˆ, in contrast to the original XY-model.
It is certainly possible to construct models having larger
quasi-symmetry groups, such as SO(3), using the same
MPS as in Eq.(15), an explicit example of which is shown
in E.
We notice that ψ0 and ˆ˜gψ0 for g˜ ∈ G˜ is also a nontrivial
SPT. To see this, first observe that T can be realized as
D1(T ) = D2(T ) = K(iσy) and D0(T ) = K exp(iSypi).
Because D1,2(T ) is a nontrivial projective representation
of time reversal (D21,2 = −1), ψ0 is nontrivial. Since
that g˜ is a product of spin rotations, and that all spin
rotations commute with time reversal, every state in Ψ0,
ˆ˜gψ0, is also a nontrivial SPT protected by time reversal.
IV. DISCUSSION
Aiming for a simple narrative, we have so far assumed
that the anchor states have translation symmetry, and
the quasi-group symmetry operator ˆ˜g acts uniformly on
each spin, as in Eq.(9). Both conditions can be relaxed:
(i) the anchor state may be rotated by onsite-unitary
operators uˆ1 ⊗ uˆ2 ⊗ · · · ⊗ uˆN for u ∈ V ∼= G˜; (ii) the
action of G˜ can be generalized to
ˆ˜g = vˆ1(g˜)⊗ vˆ2(g˜)⊗ · · · ⊗ vˆN (g˜), (18)
where vi=1,...,N are N different isomorphisms from G˜ to
V . With these generalizations, the method for defin-
ing the m-cluster projectors becomes slightly modified,
shown in Appendix F.
The quasi-symmetry group is required to be onsite-
unitary, because external fields (electromagnetic field for
example), by which one manipulates the system, in most
cases couple to a sum of local operators. The exact pe-
riodic dynamics appears when Xˆ generates a U(1) sub-
group of G˜. There are infinite U(1) subgroups in any
non-Abelian Lie group, and when G˜ ∼= U(1), X is just
the generator of G˜. Even if Xˆ does not generate a U(1)-
subgroup of G˜, the anchor state still evolves with a time
scale inverse proportional to the applied field and inde-
pendent of system size.
The anchor state, product or matrix-product, is a key
input for our construction scheme. It ensures that within
the zero-energy subspace of constructed Hamiltonian,
there is at least one state that is a product state. The
anchor state can also be used as the initial state in the
associated scar dynamics, and due to the onsite-unitary
condition, all the states along the entire trajectory are
product states or matrix-product states as the anchor
state. In previous studies, the state used as the origin
from which the scar tower is obtained using ladder op-
erators is an exact eigenstate of the scar Hamiltonian,
rather than an initial state for scar dynamics.
We impose the quasi-symmetry group G˜ without re-
quiring a ladder operator Qˆ. However, if G˜ is a non-
Abelian Lie group, a ladder operator can always be
found, because in that case SO(3)⊂ G˜, and SO(3) has
ladder operator Qˆ = Lˆx − iLˆy. For G˜ = U(1), we have
used one above example to show that even in the ab-
sence of Q, the zero-energy subspace of Hˆ forms a scar
tower identical to the type-II-spin-1-XY scar tower. On
the other hand, if G˜ ⊃ SO(3), there are in general mul-
tiple ladder operators. For example, when G˜ = SU(3) ⊃
5SU(2), there are three different ladder operators, corre-
sponding to the three natural embeddings of SU(2) in
SU(3). See the Appendix G for an explicit model.
The Hamiltonian constructed from m-cluster projec-
tors as in Eq.(8) may be generalized to what we call an
overlapping-cluster-projector Hamiltonian, where over-
lapping clusters of different sizes are pre-defined for a
given system, and on each cluster we define a projector
according to the anchor state(s) and the quasi-symmetry
group. Eq.(8) is a special case of overlapping-cluster-
projector Hamiltonian, where each cluster is of size m
and the overlap between clusters is maximized. It is pos-
sible that projectors with smaller overlaps should also
yield Hamiltonians having the same quasi-symmetry with
respect to their zero-energy subspaces.
Note added : In the concluding phase of the work, we
became aware of Ref.[31], which also applies a group the-
oretic approach to the many-body-scar problem. There
are three major differences: (i) The scar tower lie in a
singlet sector of the group G in Ref.[31], but lie in an
invariant subspace of G˜ in this paper. (ii) The group ac-
tion of G is not required to map product states to product
states in Ref.[31], but G˜ is required to be onsite-unitary
in this paper. (iii) The anchor state ensures we have at
least one short-range-entangled state (anchor state) in
the subspace spanned by the scar tower.
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7Appendix A: Discrete quasi-symmetry
In principle, the construction scheme introduced in the main text also works for cases where the quasi-symmetry
group is discrete. We assume that the group is finite. Following exactly the same steps in the main text, one can
obtain a non-integrable Hˆ that has discrete G˜ for its quasi-symmetry group with respect to the zero-energy subspace.
However, if the anchor state ψ0 is not carefully chosen, there is sometimes a larger Lie group G˜
′ ⊃ G˜, under the action
of which the zero-energy subspace is invariant. This would imply that the real quasi-symmetry group is G˜′ and this
takes us back to the Lie quasi-symmetry groups again. For example, assume s = 1, and suppose ψ0 = |n〉 ⊗ · · · ⊗ |n〉
where n, where |n〉 is a fully polarized spin along some generic direction n in 3-space, and choose G˜ to be the cubic
group O (all proper rotations of a cube). There are 24 elements in O, so acting them on a 2-cluster of ψ0 results
in 24 states, if n is a generic direction. Here the “generic direction” is defined as a direction such that there is not
any subgroup 1 ⊂ H˜ ⊂ G˜, under which this direction is invariant. Out of the 24 states that span Ψ2, we show by
explicit calculation that there are always five independent states, exactly forming the S = 2 SO(3) subspace of two
spins. Therefore, the 2-cluster projector onto Ψ2 is in fact SO(3) invariant, so is the total Hˆ constructed from these
projectors.
We do not know, in general, how to avoid this “emergent Lie groups” in our construction of discrete quasi-symmetry
groups. But we do have examples when the resultant group remains a discrete one, by choosing an anchor state
polarized in a high-symmetry direction. Again consider s = 1 and m = 2. Then consider ψ0 = |z . . . z〉, where |z〉 is
the eigenstate of Sˆz with zero eigenvalue. Acting all elements of O on a 2-cluster |zz〉 results in a subspace spanned
by |xx〉, |yy〉, |zz〉. Notice that these three states do not form the S = 1 subspace of SO(3). The 2-cluster projector
then is
Pˆ = |xx〉〈xx|+ |yy〉〈yy|+ |zz〉〈zz|. (A1)
The N -chain Hamiltonian
Hˆ =
∑
j
(1− Pˆ[j,j+1])hˆ[j,j+1](1− Pˆ[j,j+1]) (A2)
is numerically diagonalized. Level statistics shows the Wigner-Dyson behavior.
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FIG. 1: Distribution of many-body level spacing s in the middle half of the spectrum of Hˆ for N = 10 with periodic boundary
condition. The Hilbert space dimension is 59049. The r-statistics is consistent with Wigner-Dyson GOE distribution for chaotic
model.
Here dimension of the zero-energy subspace does not scale with N as in all the Lie-group cases, but remains
dim(Ψ0) = 3 for N ≤ 14. The three zero energy states are just |x . . . x〉, |y . . . y〉 and ψ0 = |z . . . z〉.
For G˜ being discrete, there is not an obvious way of finding Hˆ1, such that Hˆscar = Hˆ + Hˆ1, shows exact periodicity
in the time evolution of ψ ∈ Ψ0. In this case, we consider a discrete time series t1,2,.... At t = ti, an onsite unitary
operator ˆ˜g, where g˜ ∈ G˜, is applied to the state, and at t 6= ti, the state evolves under Hˆ. This pulse evolution can
8be realized by the following Hamiltonian
Hˆscar = Hˆ +
∑
i
δ(t− ti) log(ˆ˜g). (A3)
Since G˜ is finite, so each element g˜ has a definite order g˜ng˜ = 1, after ng˜ pulses, the state vector goes back to itself,
or symbolically
ψ(t) ∝ ψ(t′), (A4)
if t ∈ (tj , tj+1) and t′ ∈ (tj+ng˜ , tj+ng˜+1).
Appendix B: Product state with SO(3) quasi-symmetry
In the main text, we showed that starting from a spin all-up product anchor state, with SO(3) spin rotation as its
quasi symmetry group, we can construct a non-integrable scar model. We choose s = 1 and m = 2, and the 2-cluster
projector Pˆ[j,j+1] projects local 2-cluster states to S = 2 subspace. The N -chain Hamiltonian
Hˆ =
∑
j
(1− Pˆ[j,j+1])hˆ[j,j+1](1− Pˆ[j,j+1]) (B1)
is then numerically diagonalized. Level statistics shows the Wigner-Dyson behavior.
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FIG. 2: Distribution of many-body level spacing s in the middle half of the spectrum of Hˆ for N = 10 with periodic boundary
condition. The Hilbert space dimension is 59049. The r-statistics is consistent with Wigner-Dyson GOE distribution for chaotic
model.
The dimension of the zero-energy subspace (for 3 ≤ N ≤ 14) is numerically found to be
dim Ψ0 = 2N + 1. (B2)
On the other hand, the subspace
Ψ˜0 = {vˆ⊗Nψ0|vˆ ∈ V } ⊂ Ψ0 (B3)
forms an S = N subspace of the N-chain Hilbert space, which is also of dimension 2N + 1. Therefore, we conclude
that up to N = 14, Ψ˜0 = Ψ0. Since the subspace Ψ0 holds an irreducible representation of SO(3), without any loss
of generality, we can choose a basis for the subspace with respect to total Sz numbers. In this way, the basis become
a set of tower states:
|ψn〉 = Qˆn |ψ0〉 , (B4)
9where the Qˆ is the lower operator
Qˆ =
N∑
i=1
Sˆ−i . (B5)
Appendix C: Product state with SU(2) quasi-symmetry
Apart from SO(3), there is also an SU(2) subgroup of SU(3), living in the subspace spanned by {|+〉 , |−〉}, that
can be used as a quasi-symmetry. To explicitly define the group, we first define three Pauli operators acting on the
{|+〉 , |−〉} subspace:
σˆxi =
1
2
[(
Sˆ+i
)2
+
(
Sˆ−i
)2]
, (C1)
σˆyi =
1
2i
[(
Sˆ+i
)2
−
(
Sˆ−i
)2]
, (C2)
σˆzi = Sˆ
z
i . (C3)
Consider m = 2, when arbitrary SU(2) elements are acted to local |++〉 state, the 2-cluster space is then a 3-
dimensional space
Ψ2 = span {|−−〉 , |+−〉+ |−+〉 , |++〉} , (C4)
which forms a 3-dimensional SU(2) representation. The 2-cluster projector is the projection operator to the space
Ψ2. The N-chain Hamiltonian
Hˆ =
∑
j
(
1− Pˆ[j,j+1]
)
hˆ[j,j+1]
(
1− Pˆ[j,j+1]
)
(C5)
is then numerically diagonalized. Level statistics shows Wigner-Dyson behavior.
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FIG. 3: Distribution of many-body level spacing s in the middle half of the spectrum of Hˆ for N = 10 with periodic boundary
condition. The Hilbert space dimension is 59049. The r-statistics is consistent with Wigner-Dyson GOE distribution for chaotic
model.
The dimension of zero-energy space (for 3 ≤ N ≤ 14) is numerically found to be
dim Ψ0 = N + 1 (C6)
On the other hand, the subspace Ψ˜0 ⊂ Ψ0 forms an (N + 1)-dimensional irreducible representation of SU(2). In this
way, we conclude that up to N = 14, Ψ˜0 = Ψ0.
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Similarly, the basis for this irreducible representation is also the tower states of the scar model. The explicit form
of the tower states is:
|ψn〉 = Qˆn |ψ0〉 , (C7)
where Qˆ is the lower operator
Qˆ =
N∑
i=1
(
Sˆ−i
)2
. (C8)
The type-I scar tower of spin-1 XY model is given by:
|ψXY,n〉 =
(
Qˆ†XY
)n
|− · · · −〉 , (C9)
where
QˆXY =
N∑
i=1
(−1)i
(
Sˆ+i
)2
. (C10)
These two towers have similar form, and actually they can be related by an onsite unitary transformation
Uˆ = exp
(
i
pi
2
(
Sˆz + 1
))
⊗ 1⊗ exp
(
i
pi
2
(
Sˆz + 1
))
⊗ 1⊗ · · · . (C11)
That is,
|ψXY,n〉 = Uˆ |ψN−n〉 , |ψn〉 = Uˆ |ψXY,N−n〉 . (C12)
Appendix D: Matrix product state with U(1) quasi-symmetry
For the matrix product state (MPS) constructed by Clebsch-Gordon coefficients as the anchor state, we can construct
a scar model by simply using U(1) quasi-symmetry group. As we showed in the main text, the explicit form of the
matrix product state is
A[−1] =
√
2
3
(
1 0
0 0
)
, A[0] =
√
1
3
(
0 1
1 0
)
, A[1] =
√
2
3
(
0 0
0 1
)
. (D1)
The quasi-symmetry we choose the U(1) spin rotation along z-axis. Before proceeding, we first point out that in Ref.27,
it is found that the type-II scar tower in spin-1 XY model has a projected entangled pairs state (PEPS) structure, in
which each spin-1 degree of freedom is split into 2 spin-1/2 degrees of freedom, and each 2 bond-neighboring spin-1/2
degrees of freedom form an entangled pair. In this way, the spin-1 chain can be considered as a “product state” of
entangled pairs, with an onsite projection to the spin-triplet degrees of freedom. The MPS considered here has the
similar picture, and can also be brought to a PEPS form:
|ψ0〉 =
Pˆ
(1)
(
⊗N−1i=1 |EP 〉2i,2i+1
)
OBC
Pˆ (1)
(
⊗N−1i=1 |EP 〉2i,2i+1 ⊗ |EP 〉2N,1
)
PBC
, (D2)
where Pˆ (1) is the projection to spin-1 degrees of freedom, and the entangled pairs are
|EP 〉2i,2i+1 = |↑↑〉+ |↓↓〉 =
(
1 + s+i s
+
i+1
) |↓↓〉 . (D3)
Here, the N-site spin-1 chain is split to a 2N-site spin-1/2 chain. We relabel the site indices accordingly, and we use
lower-case symbols to represent the spin operators acting on spin-1/2 degrees of freedom.
Since the quasi-symmetry we choose is the abelian group U(1), there is no obvious ladder operators in the zero-
energy space. However, we can still group the states according to their total Sz number. It is easier to work on the
PEPS picture, and the projector Pˆ (1) will not affect the result since it commute with spin operators.
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Consider m = 3 case, the anchor MPS restricted to local 3-cluster is:∣∣∣ψ(3)0 〉 = Pˆ (1) (|sl〉 ⊗ |EP 〉 ⊗ |EP 〉 ⊗ |sr〉)
= Pˆ (1) |sl ↑↑↑↑ sr〉+ Pˆ (1) |sl ↓↓↓↓ sr〉+ Pˆ (1) (|sl ↓↓↑↑ sr〉+ |sl ↑↑↓↓ sr〉) , (D4)
where sl and sr are 2 dangling S = 1/2 spins and are totally free. In order to have the U(1) quasi-symmetry, the
3-cluster projector we design should preserve each total Sz conserving component of the anchor state. Therefore, we
let the 3-cluster space to be:
Ψ3 = span{Pˆ (1) |sl ↑↑↑↑ sr〉 , Pˆ (1) |sl ↓↓↓↓ sr〉 , Pˆ (1) (|sl ↓↓↑↑ sr〉+ |sl ↑↑↓↓ sr〉) |sl, sr =↑, ↓}, (D5)
which is a 12-dimensional space, whose explicit basis has been shown in the main text. The N-chain Hamiltonian
Hˆ =
∑
j
(
1− Pˆ[j,j+2]
)
hˆ[j,j+2]
(
1− Pˆ[j,j+2]
)
(D6)
is then numerically diagonalized. Level statistics shows Wigner-Dyson behavior.
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FIG. 4: Distribution of many-body level spacing s in the middle half of the spectrum of Hˆ for N = 10 with periodic boundary
condition. The Hilbert space dimension is 59049. The r-statistics is consistent with Wigner-Dyson GOE distribution for chaotic
model.
The zero-energy subspace with the open boundary condition is numerically checked (for 6 ≤ N ≤ 14) to have
dimension
dim Ψ0 = N + 1. (D7)
While for the case with periodic boundary condition, it is numerically found (for 5 ≤ N ≤ 14) that
dim Ψ0 = 4L. (D8)
On the other hand, our previous analysis shows that the quasi-symmetry space is spanned by a set of tower states
with a “hidden ladder operator” acting on the entangled pairs:
Qˆ† =
{∑N−1
i=1 s
+
2is
+
2i+1 OBC∑N−1
i=1 s
+
2is
+
2i+1 + s
+
2Ns
+
1 PBC
(D9)
The lowest state in the tower is:
|φ0〉 =
{
Pˆ (1) |sl ↓ · · · ↓ sr〉 OBC
Pˆ (1) |↓ · · · ↓〉 PBC . (D10)
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And by acting ladder operator on the entangled pairs, we can get all other tower states:
|φn〉 = Pˆ (1)
(
Qˆ†
)n
|φ0〉 . (D11)
The tower state can be recombined to be the initial anchor state:
|ψ0〉 =
N∑
n=0
Cn |φn〉 . (D12)
In this way, we show that the dimension of Ψ˜0 is
dim Ψ˜0 =
{
N + 1 OBC
4N PBC
. (D13)
Therefore, We conclude that up to N = 14, Ψ˜0 = Ψ0.
Finally, we note that the scar tower in this model can be mapped to type-II scar tower in spin-1-XY model by an
onsite unitary operator Uˆ :
|ψXY,n〉 = Uˆ |φn〉 , (D14)
where Uˆ is a chain operator with period of 4 sites:
Uˆ =
[
exp
(
ipiSˆz
)
⊗ exp
(
ipiSˆz
)
⊗ 1⊗ 1
]
⊗ · · · . (D15)
Appendix E: Matrix product state with SO(3) quasi-symmetry
In this section, we show that a non-abelian quasi-symmetry can be imposed to the MPS we defined on Appendix
D. The quasi-symmetry we choose is the SO(3) spin rotation. It is numerically found that if we require Ψ˜0 = Ψ0, we
should choose m ≥ 4. In this way, the 4-cluster space is then
Ψ4 = {vψ0|v ∈ SO(3)} . (E1)
The subspace Ψ4 is numerically obtained, whose dimension is
dim Ψ4 = 40. (E2)
We define Pˆ[j,j+3] as the projection to the local 4-cluster space. The N-chain Hamiltonian
Hˆ =
∑
j
(
1− Pˆ[j,j+3]
)
hˆ[j,j+3]
(
1− Pˆ[j,j+3]
)
(E3)
is then numerically diagonalized. Level statistics shows Wigner-Dyson behavior.
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FIG. 5: Distribution of many-body level spacing s in the middle half of the spectrum of Hˆ for N = 10 with periodic boundary
condition. The Hilbert space dimension is 59049. The r-statistics is consistent with Wigner-Dyson GOE distribution for chaotic
model.
The zero-energy space in open boundary condition is numerically found (for 5 ≤ N ≤ 14) to be
dim Ψ0 = 2N(N + 1). (E4)
We can also group the states in this subspace according to their total S numbers. This is done by numerically
diagonalize the Sˆ2 operator under the basis of Ψ0. The result is listed below:
TABLE I: Classification of zero-energy states with open boundary condition by the total spin number. The numbers in the
table represent the multiplicity of each irreducible SO(3) representation in the zero-energy subspace of the Hamiltonian.
S 0 1 2 3 4 5 6 7 8 9 10 11 12
N = 4 1 2 2 2 1
N = 5 1 2 2 2 2 1
N = 6 1 2 2 2 2 2 1
N = 7 1 2 2 2 2 2 2 1
N = 8 1 2 2 2 2 2 2 2 1
N = 9 1 2 2 2 2 2 2 2 2 1
N = 10 1 2 2 2 2 2 2 2 2 2 1
N = 11 1 2 2 2 2 2 2 2 2 2 2 1
N = 12 1 2 2 2 2 2 2 2 2 2 2 2 1
While for the periodic boundary condition, it is numerically found (for 5 ≤ N ≤ 14) that
dim Ψ0 =
(N + 1)(N + 2)
2
. (E5)
Similarly, we can group the states according to their total S numbers. The numerical result is listed below:
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TABLE II: Classification of zero-energy states with periodic boundary condition by the total spin number. The numbers in
the table represent the multiplicity of each irreducible SO(3) representation in the zero-energy subspace of the Hamiltonian.
S 0 1 2 3 4 5 6 7 8 9 10 11 12
N = 4 1 1 1
N = 5 1 1 1
N = 6 1 1 1 1
N = 7 1 1 1 1
N = 8 1 1 1 1 1
N = 9 1 1 1 1 1
N = 10 1 1 1 1 1 1
N = 11 1 1 1 1 1 1
N = 12 1 1 1 1 1 1 1
And we also numerically checked that up to N = 12, Ψ˜0 = Ψ0.
Appendix F: Inhomogeneous anchor states and group actions
In the main text, we have used homogeneous anchor states, and the actions of quasi-symmetry group are also homo-
geneous. For a product state as the anchor state, we have assumed that ψ0 = φ⊗· · ·⊗φ where φ is a single-spin state.
For a matrix-product state as the anchor state, we have assumed that ψ0 =
∑
s1,...,sN
Tr[As1 . . . AsN ]|s1, . . . , sN 〉.
The group actions are assumed to take the form ˆ˜g = v(g˜)⊗N , where v(g˜) is an isomorphism from G˜ to V ∈ U(2s+ 1).
These assumptions can be relaxed to some degree. The form of the product-anchor state can be extended to
ψ0 = φ1 ⊗ · · · ⊗ φN , (F1)
such that there is uj ∈ V
φj = uˆjφ1. (F2)
The matrix-product-anchor state can be extended similarly, where
As → Asj = [D0(uj)]ss′As
′
j , (F3)
where D0 is a linear representation of V . The group actions can also be extended:
ˆ˜g = vˆ1(g˜)⊗ · · · ⊗ vN (g˜), (F4)
where vi(g˜)’s are N different isomorphisms from G˜ to V .
After these extension, the form of m-cluster projector Pˆ[j,j+m−1] now depends on j, obtained after the following
process. For the chain [j, j +m− 1], define
ψ0|[j,j+m−1] ≡ φj ⊗ · · · ⊗ φj+m−1, (F5)
g˜ψ0|[j,j+m−1] ≡ vˆj(g˜)φj ⊗ · · · ⊗ vˆj+m−1(g˜)φj+m−1. (F6)
Ψ[j,j+m−1] is then defined as the Hilbert subspace spanned by all g˜ψ0|[j,j+m−1], and Pˆ[j,j+m−1] is the m-cluster
projector onto this subspace With the projectors defined, the full Hamiltonian is given by the same equation as in
the main text
Hˆ =
∑
j
(1− Pˆ[j,j+m−1])hˆ[j,j+m−1](1− Pˆ[j,j+m−1]). (F7)
Appendix G: Product state with SU(3) quasi-symmetry
In Appendix B-C, we used SO(3) and SU(2) as the quasi-symmetry groups. In these two simple examples, there is
just one ladder operator in the quasi-symmetry group, corresponding to a single set of tower states. A nature question
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is: can we choose a higher rank Lie group as the quasi-symmetry group? Or more specifically, can we construct a
quasi-symmetry model with more than one ladder operators in Ψ0? We give a positive answer to this question by
showing a specific model with SU(3) quasi-symmetry.
Consider an SU(3) symmetry that acts fundamentally on the local spins. That is to say, the 3-dimensional local
Hilbert space holds a fundamental representation of SU(3), in which 8 generators are represented by 8 Gell-Mann
matrices:
λ1 =
 0 11 0
0
 , λ2 =
 0 −ii 0
0
 , λ3 =
 1 −1
0
 , λ4 =
 10
1
 ,
λ5 =
 −i0
i
 , λ6 =
 0 0 1
1 0
 , λ7 =
 0 0 −i
i 0
 , λ8 = 1√
3
 1 1
−2
 . (G1)
We are free to use different linear combinations of these 8 matrices to form different su(3) Lie algebras (as a convention,
we use capital symbols to represent Lie group, and lower-case symbols to represent Lie algebra). A canonical choice
of generators is the Cartan-Weyl basis. In this basis, there are two mutually commuting generators
H1 = λ8, H2 = λ3, (G2)
which form the Cartan sub-algebra, and 6 ladder operators:
E1 =
 0 10
0
 , F1 =
 01 0
0
 , (G3)
E2 =
 0 0 1
0
 , F2 =
 0 0
1 0
 , (G4)
E3 = [E1, E2] , F3 = − [F1, F2] , (G5)
where E1, E2 are the raising operators corresponding to two simple roots of su(3). The third ladder can be obtained
by commuting E1, E2 and F1, F2.
Each irreducible representation of su(3) is characterized by its highest weight, which is annihilated by both E1
and E2 raising operators. Start from a highest weight, we can get the lower weights by applying F1 and F2 on
the obtained weights. This procedure will give us all weight states in this representation. In the current case, the
local state |+〉 is the highest weight in (1, 0) representation. In the language of Lie algebra, we denote such weight
state as |(1, 0), (1, 0)〉. Similar as su(2), the direct product of two highest weights is the highest weight in another
representation. This relation can be expressed as:
|(M, 0), (M, 0)〉 ⊗ |(N, 0), (N, 0)〉 = |(M +N, 0), (M +N, 0)〉 . (G6)
Thus, any m-cluster of the spin all-up state is the highest weight in the (m, 0) representation, and the ladder operators
in the cluster space are:
Qˆ1 =
m∑
i=1
F1,i, Qˆ2 =
m∑
i=1
F2,i. (G7)
Now consider a spin-1 chain with spin all-up state as the anchor state, and we choose m = 3 local cluster. After
applying arbitrary SU(3) elements to the anchor state, the 3-cluster space forms a (3, 0) representation of SU(3). The
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(3, 0) representation is 10-dimensional. The explicit form of local states are:
|(3, 0)〉 = |+ + +〉 ,
|(1, 1)〉 = |0 + +〉+ |+0+〉+ |+ + 0〉 ,
|(1¯, 2)〉 = |+00〉+ |0 + 0〉+ |00+〉 ,
|(3¯, 3)〉 = |000〉 ,
|(2, 1¯)〉 = |−+ +〉+ |+−+〉+ |+ +−〉 ,
|(0, 0)〉 = |+0−〉+ |+− 0〉+ |0 +−〉+ |0−+〉+ |−+ 0〉+ |−0+〉 ,
|(1, 2¯)〉 = |+−−〉+ |−+−〉+ |− −+〉 ,
|(2¯, 1)〉 = |−00〉+ |0− 0〉+ |00−〉 ,
|(1¯, 1¯)〉 = |0−−〉+ |−0−〉+ |− − 0〉 ,
|(0, 3¯)〉 = |− − −〉 , (G8)
where we label the states following the convention of Lie algebra. We then define Pˆ[j,j+2] as the 3-cluster projector
to (3, 0) representation space. The N-chain Hamiltonian
Hˆ =
∑
j
(
1− Pˆ[j,j+2]
)
hˆ[j,j+2]
(
1− Pˆ[j,j+2]
)
(G9)
is then numerically diagonalized. Level statistics shows Wigner-Dyson behavior.
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FIG. 6: Distribution of many-body level spacing s in the middle half of the spectrum of Hˆ for N = 10 with periodic boundary
condition. The Hilbert space dimension is 59049. The r-statistics is consistent with Wigner-Dyson GOE distribution for chaotic
model.
The zero-energy subspace is numerically found (for 4 ≤ N ≤ 14) to have the dimension
dim Ψ0 =
(N + 1)(N + 2)
2
. (G10)
On the other hand, the group theory analysis shows that Ψ˜0 is an (N, 0) representation space of SU(3), whose
dimension is known to be
dim[N,0] (SU(3)) =
(N + 1)(N + 2)
2
. (G11)
Therefore, we conclude that up to N = 14, Ψ˜0 = Ψ0.
Similar as the previous cases, the basis of (N, 0) representation can be considered as the scar tower. What different
here is that due to the non-commuting ladder operators, the exact structure of the tower states is much more
complicated than those in SU(2) quasi-symmetry models. However, in principle, the structure of tower states can all
be systematically obtained using the weight diagram technique in Lie algebra.
